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CHAPTER 1

General Affine Diffusions

A jump-diffusion process is a Markov process solving the stochastic differential equationd

𝑌𝑡 = 𝜇 (𝑌𝑡, 𝜃0) 𝑑𝑡+ 𝜎 (𝑌𝑡, 𝜃0) 𝑑𝑊𝑡.

A discount-rate function 𝑅 : 𝐷 → R is an affine function of the state

𝑅 (𝑌 ) = 𝜌0 + 𝜌1 · 𝑌,

for 𝜌 = (𝜌0, 𝜌1) ∈ R× R𝑁 .

The affine dependence of the drift and diffusion coefficients of 𝑌 are determined by coefficients (𝐾,𝐻) defined by:

𝜇 (𝑌 ) = 𝐾0 +𝐾1𝑌,

for 𝐾 = (𝐾0,𝐾1) ∈ R𝑁 × R𝑁×𝑁 ,

and [︀
𝜎 (𝑌 )𝜎 (𝑌 )

′]︀
𝑖𝑗
= [𝐻0]𝑖𝑗 + [𝐻1]𝑖𝑗 · 𝑌,

for 𝐻 = (𝐻0, 𝐻1) ∈ R𝑁×𝑁 × R𝑁×𝑁×𝑁 .

Here

[𝐻1]𝑖𝑗 · 𝑌 =

𝑁∑︁
𝑘=1

[𝐻1]𝑖𝑗𝑘 𝑌𝑘.

A characteristic 𝜒 = (𝐾,𝐻, 𝜌) captures both the distribution of 𝑌 as well as the effects of any discounting.
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CHAPTER 2

Geometric Brownian Motion (GBM)

Suppose that 𝑆𝑡 evolves according to

𝑑𝑆𝑡

𝑆𝑡
= 𝜇𝑑𝑡+ 𝜎𝑑𝑊𝑡.

In logs:

𝑑 log𝑆𝑡 =

(︂
𝜇− 1

2
𝜎2

)︂
𝑑𝑡+ 𝜎𝑑𝑊𝑡.

After integration on the interval [𝑡, 𝑡+ ℎ]:

𝑟𝑡,ℎ = log
𝑆𝑡+ℎ

𝑆𝑡
=

(︂
𝜇− 1

2
𝜎2

)︂
ℎ+ 𝜎

√
ℎ𝜀𝑡+ℎ,

where 𝜀𝑡 ∼ 𝑁 (0, 1).
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CHAPTER 3

Vasicek

Suppose that 𝑟𝑡 evolves according to

𝑑𝑟𝑡 = 𝜅 (𝜇− 𝑟𝑡) 𝑑𝑡+ 𝜂𝑑𝑊𝑡.
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CHAPTER 4

Cox-Ingersoll-Ross (CIR)

Suppose that 𝑟𝑡 evolves according to

𝑑𝑟𝑡 = 𝜅 (𝜇− 𝑟𝑡) 𝑑𝑡+ 𝜂
√
𝑟𝑡𝑑𝑊𝑡.

Feller condition for positivity of the process is 𝜅𝜇 > 1
2𝜂

2.
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CHAPTER 5

Heston

The model is

𝑑𝑝𝑡 =

(︂
𝑟 +

(︂
𝜆𝑟 −

1

2
𝜎2
𝑡

)︂)︂
𝑑𝑡+ 𝜎𝑡𝑑𝑊

𝑟
𝑡 ,

𝑑𝜎2
𝑡 = 𝜅

(︀
𝜇− 𝜎2

𝑡

)︀
𝑑𝑡+ 𝜂𝜎𝑡𝑑𝑊

𝜎
𝑡 ,

with 𝑝𝑡 = log𝑆𝑡, and 𝐶𝑜𝑟𝑟 [𝑑𝑊 𝑟
𝑠 , 𝑑𝑊

𝜎
𝑠 ] = 𝜌, or in other words

𝑊𝜎
𝑡 = 𝜌𝑊 𝑟

𝑡 +
√︀

1− 𝜌2𝑊 𝑣
𝑡 .

Feller condition for positivity of the volatility process is 𝜅𝜇 > 1
2𝜂

2.
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CHAPTER 6

Central Tendency (CT)

The model is

𝑑𝑝𝑡 =

(︂
𝑟 +

(︂
𝜆− 1

2

)︂
𝜎2
𝑡

)︂
𝑑𝑡+ 𝜎𝑡𝑑𝑊

𝑟
𝑡 ,

𝑑𝜎2
𝑡 = 𝜅𝜎

(︀
𝑣2𝑡 − 𝜎2

𝑡

)︀
𝑑𝑡+ 𝜂𝜎𝜎𝑡𝑑𝑊

𝜎
𝑡 ,

𝑑𝑣2𝑡 = 𝜅𝑣

(︀
𝜇− 𝑣2𝑡

)︀
𝑑𝑡+ 𝜂𝑣𝑣𝑡𝑑𝑊

𝑣
𝑡 ,

with 𝑝𝑡 = log𝑆𝑡, and 𝐶𝑜𝑟𝑟 [𝑑𝑊 𝑟
𝑠 , 𝑑𝑊

𝜎
𝑠 ] = 𝜌, or in other words 𝑊𝜎

𝑡 = 𝜌𝑊 𝑟
𝑡 +

√︀
1− 𝜌2𝑊 𝑣

𝑡 . Also let 𝑅 (𝑌𝑡) = 𝑟.
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